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The electroweak unification group G ≡ SU(2)L × U(1)e × U(1)µ × U(1)τ in which each fermion
multiplet has its own U(1) factor was proposed in 1986 to get the neutrino mass matrix. In this
paper, the gauge group G is restricted to lepton section only, leaving quark multiplets as in the
standard model. In addition to lepton multiplets Le, Lµ and Lτ , there are three SU(2)singlet right
handed neutrinos N
(i)
R ’s. WIth the breaking of G to SU(2)L × U(1), the right handed neutrinos
acquire heavy Majorana masses. Three heavy right handed neutrinos N
(i)
R ’s are available to generate
a 3× 3 non-diagonal neutrino mass matrix in terms of three Yukawa couplings h
(2)
1 , h
(3)
2 , h
(1)
3 of the
Higgs scalar doublet to Le, Lµ, Lτ with N
(1)
R , N
(2)
R and N
(3)
R respectively. Three Yukawa couplings
can be arranged and expressed in terms of masses me, mµ, mτ in three different ways to obtain
the results of interest for Case 1: (νe → ντ ); Case 2: (νe → νµ); Case 3: (νµ → ντ ). The results
obtained for the three cases are compared with the experimental data from neutrino oscillations.
Cases 1 and 2 are relevant for solar neutrino oscillations whereas Case 3 is relevant for atmospheric
neutrino oscillations.
I. INTRODUCTION
In 1986 [1], a simple extension of the standard electroweak gauge group to the group G ≡ SU(2)L × U(1)e ×
U(1)µ × U(1)τ in which each fermion multiplet of the standard model has its own U(1) factor was purposed to get
the neutrinos masses.
The neutrino oscillations require that neutrinos are not massless but have very small masses [2, 3]. In 1986 - 1987,
no accurate data of neutrino masses was available. It is appropriate to revisit the model to confront its predictions
with the recent data about neutrino masses.
Since main predictions of gauge group G pertain to neutrino masses, the extension of the standard model gauge
group to the gauge group G is restricted to only lepton section, leaving the quark multiplets as in the standard model.
Thus in the gauge group G, the lepton multiplets are assigned as follows [1]
Li ≡ Le =
(
νe
e
)
L
:
(
2, −1, 0, 0 )
eR = :
(
1, −2, 0, 0 )
Lµ =
(
νµ
µ
)
L
:
(
2, 0, −1, 0 )
µR = :
(
1, 0, −2, 0 )
Lτ =
(
ντ
τ
)
L
:
(
2, 0, 0, −1 )
τR = :
(
1, 0, 0, −2 ) (1)
In addition three right-handed neutrinos N
(i)
R ’s which are SU(2) singlet but carry U(1)i quantum numbers:
N
(1)
R :
(
1, −1, 1, 0 ) , N (2)R : ( 1, 1, 0, −1 ) , N (3)R : ( 1, 0, −1, 1 )
are introduced.
The gauge vector bosons of the group G:
SU(2)L × U(1)e × U(1)µ × U(1)τ (2)
g g1e g1µ g1τ (3)
are
W±,0µ , B
(1)
µ , B
(2)
µ , B
(3)
µ : B
(i)
µ i = 1, 2, 3 (4)
2Using the e↔ µ↔ τ discrete symmetry
g1e = g1µ = g1τ = g1 (5)
Q = T3L +
1
2
(Y1 + Y2 + Y3) (6)
1
e2
=
1
g2
+
1
g21e
+
1
g21µ
+
1
g21τ
(7)
1
e2
=
1
g2
+
3
g21
=
1
g2
+
1
g′2
(8)
g′2 = g21/3 (9)
in the symmetry limit.
First we note that following combinations of B
(i)
µ ’s give the three physical gauge vector bosons of group G:
Bµ =
1√
3
(B(1)µ +B
(2)
µ +B
(3)
µ ) (10)
Xµ =
1√
2
(B(1)µ −B(3)µ ) (11)
X ′µ =
1√
6
[(B(1)µ −B(2)µ )− (B(2)µ −B(3)µ )] (12)
II. INTERACTION LAGRANGIAN FOR LEPTONS
The interaction lagrangian for leptons is given by [1]
Lint = [ −g
2
√
2
(J†λW †λ + h.c.)−
g1√
2
∑
i
J
(i)λ
3 W3λ −
g′
2
∑
i
J
(i)λ
1 Bλ]−
g1
2
√
2
[(J
(e)λ
1 − J (τ)λ1 )Xλ
+
1√
3
(J
(e)λ
1 − J (µ)λ1 + J (τ)λ1 )X ′λ] +
g1
2
√
2
[(N¯ (1)γλN (1) − 2N¯ (2)γλN (2) + N¯ (3)γλN (3))RXλ
+
√
3(N¯ (1)γλN (1) − N¯ (3)γλN (3))RX ′λ] (13)
where
J†λ = 2[ν¯(i)L γ
λe
(i)
L ], J
(i)λ
3 = 2[ν¯
(i)
L γ
λν
(i)
L − e¯(i)L γλe(i)L ], J (i)λ1 = 2[−(ν¯(i)L γλν(i)L − e¯(i)L γλe(i)L )− 2e¯(i)γλe(i)] (14)
The first term in Eq(13) is Lint for leptons as in the standard model.
In order to spontaneously break the group G to the standard model group, three Higgs singlet Σ(i)’s are introduced.
Σ(1) :
(
1, 1, −1, 0 ) ,Σ(2) : ( 1, 1, 0, −1 ) ,Σ(3) : ( 1, 0, 1, −1 )
The gauge group G is broken to SU(2)L×U(1)Y by giving the vacuum expectation values to Higgs bosons Σ(i) = Vi√2 .
With the breaking of the gauge group G, the vector bosons Xµ and X
′
µ acquire heavy masses leaving Bµ massless.
Similarly right handed neutrinos N
(i)
R ’s acquire heavy Majorana masses.
Lmass(X) = 1
8
g21
1
2
[(V 21 + V
2
2 + V
2
3 )X
µXµ + (V
2
1 + V
2
2 )X
′µX ′µ
+
√
3(V 21 − V 22 )(XµX ′µ +X ′µXµ)] (15)
To eliminate the cross term, we take V1 = V2 = V and put V3 = V
′
Lmass(X) = 1
8
1
2
[
2(V 2 + V ′2)XµXµ + 6V 2X ′µX ′µ
]
(16)
3For simplicity, we take V = V ′, so that
m2X = m
2
X′ =
3
4
g21V
2 (17)
Lmass(N) = [f12(NT (1)C−1N (2) +NT (2)C−1N (1))RΣ(3)
+f13(N
T (1)C−1N (3) +NT (3)C−1N (1))RΣ
(2)
+f23(N
T (2)C−1N (3) +NT (3)C−1N (2))RΣ
(1)
+ h.c.] (18)
From Eq(18), we get the Majorana mass matrix for N
(i)
R ’s
MR =

 0 f12 f13f12 0 f23
f13 f23 0

 (19)
To conclude, we note that after, spontaneously breaking the gauge group G to SU(2)L × U(1)Y , the heavy vector
bosons Xµ, X
′
µ and heavy right handed neutrinos N
(i)
R ’s are decoupled. The lepton multiplets along with the quark
multiplets give the complete fermion contents of the standard model SU(2)L×U(1)Y with Y = -1 and Y = 13 for the
lepton and quark doublet of SU(2)L respectively. The first term in Eq(13) supplemented with Lint(quark) gives Lint
of the standard model with gauge vector bosons W±µ , Zµ, Aµ
III. NEUTRINO MASS MATRIX
For simplicity, we take f12 = f13 = f23 = f in Eq(19), to give the mass matrix [1]
MR =
fV√
2

 0 1 11 0 1
1 1 0

 (20)
The eigenvalues are
MR =
fV√
2
(
2, −1, −1 ) (21)
The corresponding eigenstates are
NR =
1√
3
(N (1)) +N (2) +N (3))R (22)
N ′R =
1√
2
(N (1))−N (3))R (23)
N
′′
R =
1√
6
(N (1))− 2N (2) +N (3))R (24)
The group SU(2)× U(1)Y → U(1)em is broken by a Higgs scalar doublet
φ =
(
φ+
φ0
)
→
(
0
H+v√
2
)
(25)
to give masses to the vector bosons W±, Zµ and to quarks and charged leptons. The left-handed neutrinos in the
standard model remain massless as there is no right-handed singlet neutrino to give the neutrino mass term.
In this model, there are three heavy right-handed neutrinos. Thus in this model the mass term for the neutrinos is
generated by the Higgs doublet as follows
4Lmass(neutrino) = Leh(2)1
(
τ1 + iτ2
2
)(
0
H+v√
2
)
N
(1)
R + Lµh
(3)
2
(
τ1 + iτ2
2
)(
0
H+v√
2
)
N
(3)
R
+ Lτh
(1)
3
(
τ1 + iτ2
2
)(
0
H+v√
2
)
N
(2)
R (26)
We note that Yukawa couplings h
(2)
1 , h
(3)
2 , h
(1)
3 of the Higgs doublet reflect the fact that N
(1)
R connect the first
generation with second, N
(3)
R second generation with third and N
(2)
R third generation with first. The mass matrix for
the light neutrinos is given by
Lmass(neutrino) = v√
2
[
h
(2)
1 νeLN
(1)
R + h
(3)
2 νµLN
(3)
R + h
(1)
3 ντLN
(2)
R + h.c.
]
=
v√
2
[
1√
3
(
h
(2)
1 νeL + h
(3)
2 νµL + h
(1)
3 ντL
)
NR +
1√
2
(
h
(2)
1 νeL − h(3)2 νµL
)
N ′R
+
1√
6
(
h
(2)
1 νeL + h
(3)
2 νµL − 2h(1)3 ντL
)
N ′′R + h.c.
]
(27)
From Eqs(20) and (27), one gets the mass matrix for the light neutrinos [1].
MR =
v2
2MR

 0 h
(2)
1 h
(3)
2 h
(2)
1 h
(1)
3
h
(2)
1 h
(3)
2 0 h
(3)
2 h
(1)
3
h
(2)
1 h
(1)
3 h
(3)
2 h
(1)
3 0

 (28)
where we have put fV√
2
= MR
The three Yukawa couplings h
(2)
1 , h
(3)
2 , h
(1)
3 can be arranged in three different ways so as to give three dominant
transitions as follows:
Case 1: νe → ντ ,Case 2: νe → νµ,Case 3: νµ → ντ
Case 1, 2 are relevant for the solar neutrino oscillations. The resonant amplification of solar neutrino oscillations in
matter [4, 5] is an important aspect for the solar neutrino problem [6]. The mass matrix (Eq. 28) can accomodate
this aspect of solar neutrino oscillations. Case 3 is relevant for the atmospheric neutrino oscillations.
A. Case 1
h
(2)
1 = h sin θ, h
(1)
3 = h cos θ
σ =
h
h
(3)
2
sin θ cos θ, m0 =
v2hh
(3)
2
2MR
(29)
From Eq(28) and (29),
M = m0

 0 sin θ σsin θ 0 cos θ
σ cos θ 0

 (30)
This mass matrix is similar to that first considered in [7]. If σ = 0, the matrix (30) reduce to mass matrix discussed
by several authors [8].
For the case σ ≪ sin θ,
M2 =
1
2
m20

 1 0 00 1 0
0 0 1

+ 1
2
m20

 − cos 2θ 0 sin 2θ0 1 0
sin 2θ 0 cos 2θ)

 (31)
Thus, for Case 1, dominant transition νe → ντ
5B. Case 2
h
(2)
1 = h sin θ, h
(3)
2 = h cos θ
σ =
h
h
(1)
3
= sin θ cos θ, m0 =
v2hh
(1)
3
2MR
(32)
From Eq(28) and (32),
M = m0

 0 σ sin θσ 0 cos θ
sin θ cos θ 0

 (33)
For σ ≪ sin θ,
M2 =
1
2
m20

 1 0 00 1 0
0 0 1

+ 1
2
m20

 −cos2θ sin 2θ 0sin 2θ cos 2θ 0
0 0 1

 (34)
For Case 2, dominant transition νe → νµ
C. Case 3
Here we consider two cases (a) and (b),
Case a)
h
(1)
3 = h sin θ, h
(3)
2 = h cos θ
σ =
h
h
(2)
1
sin θ cos θ, m0 =
v2hh
(2)
1
2MR
(35)
From Eq(28) and (35),
M = m0

 0 cos θ sin θcos θ 0 σ
sin θ σ 0

 (36)
Neglecting σ, σ ≪ sin θ,
M2 =
1
2

 1 0 00 1 0
0 0 1

+ 1
2
m20

 1 0 00 cos 2θ sin 2θ)
0 sin 2θ −cos2θ

 (37)
The dominant transition νµ → ντ
Case b)
h
(3)
2 = h sin θ, h
(1)
3 = h cos θ (38)
From Eq(34) and (38), we get the mass matrix as given in Eq(36) with cosθ ↔ sin θ
Neglecting σ, we get
M2 =
1
2
m20

 1 0 00 1 0
0 0 1

+ 1
2
m20

 1 0 00 −cos2θ sin 2θ)
0 sin 2θ cos 2θ

 (39)
6From Eqs. (31), (34) and (39), it is clear that one can rewrite M2 as a 2× 2 matrix.
M2 =
1
2
m20 cos 2θ
[
1 0
0 1
]
+
1
2
m20
[ −2 cos 2θ sin 2θ)
sin 2θ 0
]
(40)
which has the same form for Cases 1, 2 and 3b.
For 3a change, − cos 2θ ← cos 2θ
Now any 2× 2 matrix
M2 =
[
a1 c
c a2
]
(41)
can be diagonalized by a unitary transformation
U =
[
cos θM sin θM
−sinθM cos θM
]
(42)
U−1M2U =
[
m21 0
0 m22
]
(43)
where
tan 2θM =
−2c
a1 − a2 (44)
m21,2 = M
2
11,22 =
1
2
(a1 + a2)± 1
2
a1 − a2
cos 2θM
(45)
For the mass matrix M2 in Eq.(40)
a1 = −m20 cos 2θ, c =
m20 sin 2θ
2
(46)
Hence from Eqs. (44, 45)
tan 2θM = tan2θ, θM = θ (47)
m21 +m
2
2 = −m0 cos 2θ (48)
m22 −m21 = m20 = ∆m2 > 0 (49)
so that Eq. (40) can be written in the form
M2 =
1
2
∆m2 cos 2θ
[
1 0
0 1
]
+

 −∆m2 cos 2θ ∆m
2 sin 2θ
2
∆m2 sin 2θ
2 0

 (50)
But for the case 3a, θM = −θ,∆m2 < 0.
However, for the solar neutrino oscillations, νe travelling in matter would acquire an extra effective mass 2
√
2GFneE,
where E is the energy of neutrino and ne is the nuclear density of electrons and is given by [6]
ne = (
ρ
mN
)Y (51)
where Y denote the number of electrons per unit nucleon and is 12 for ordinary matter.
Hence for the cases 1 and 2
7a1 = −∆m2 cos 2θ + 2
√
2GFneE = −∆m2(cos2θ −A) (52)
where
A = 2
√
2GFne(
E
∆m2
) (53)
Thus for the solar neutrino
tan 2θM =
sin2θ
cos2θ −A (54)
cos 2θM =
cos2θ −A
[(cos2θ − A)2 + sin22θ] 12 (55)
sin 2θM =
sin2θ
[(cos2θ − A)2 + sin22θ] 12 (56)
Hence for Cases 1 and 2, the matrix M2 given in Eq(50) is modified
M2 =
1
2
∆m2 cos 2θ
[
1 0
0 1
]
+
[
−∆m2 cos 2θ + 2√2GFneE ∆m2 sin 2θ2
∆m2 sin 2θ
2 0
]
(57)
It is instructive to compare Eq(57), with Hamiltonian for the solar neutrino oscillations [2]
HM (E) = Const
[
1 0
0 1
]
+
1
2E
[
−∆m2 cos 2θ + 2√2GFneE ∆m2 sin 2θ2
∆m2 sin 2θ
2 0
]
(58)
The mass matrix M2 has exactly the same form as that of HM (E) for solar neutrino oscillations [2]. Thus it is
relevant to compare predictions of our mass matrix with the experimental data from neutrino oscillations.
IV. NEUTRINO MASSES: COMPARISON WITH THE EXPERIMENTAL DATA
Yukawa couplings h
(2)
1 , h
(3)
2 , h
(1)
3 for the three cases 1, 2 and 3 are analysed in detail.
Case 1: νe → ντ
h
(2)
1 = h sin θ, h
(1)
3 = h cos θ
We assume
h
(2)
1
v√
2
=
1
K
[2me
√
mµmτ ]
1
2
h
(1)
3
v√
2
=
1
K
[mτ
√
2memµ]
1
2
h
(3)
2
v√
2
=
1
K
mµmτ√
memµ
(59)
The above choice gives
θ = 8.8
◦
, σ = 8.09× 10−4, 1
2
v2hh
(3)
2 = 3.537GeV
2/K2 (60)
8Thus
∆m2 > 0 , sin2 θ13 = 0.0234
∆m231 = 2.55× 10−3eV 2: K2MR = 7× 1010GeV (61)
Case 2: νe → νµ
h
(2)
1 = h sin θ, h
(3)
2 = h cos θ
We assume
h
(2)
1
v√
2
=
1
K
[
me +mτ
2
√
2memµ]
1
2
h
(3)
2
v√
2
=
1
K
[
mµ +me
2
√
mµmτ ]
h
(1)
3
v√
2
=
1
K
mτmµ√
mτme
(62)
This choice gives
θ = 32.2
◦
, σ = 0.013 (63)
v2
2
h h
(1)
3 = 1.126GeV
2/K2
Thus, ∆m2 > 0, sin2 θ12 = 0.285
∆m221 = 7.50× 10−3eV 2 : K2MR = 1.3× 1011GeV (64)
Case 3: νµ → ντ Atmospheric neutrino oscillations
a)
h
(1)
3 = h sin θ, h
(3)
2 = h cos θ
we assume
h
(1)
3
v√
2
=
1
K
(
mτ +me
2
)
h
(3)
2
v√
2
=
1
K
(
mµ +mτ
2
)
h
(2)
1
v√
2
=
1
K
mτmµ√
2memµ
(65)
This choice gives
θ = 43.35
◦
, σ = 0.035,
v2
2
hh
(2)
1 = 23.36GeV
2/K2 (66)
Thus ∆m2 < 0, sin2 θ23 = 0.471
| ∆m2 | = ∆m223 = 2.47× 10−3eV 2 : K2MR = 4.7× 1011GeV (67)
b)
h
(3)
2 = h sin θ, h
(1)
3 = h cos θ
we assume
9h
(3)
2
v√
2
=
1
K
(
1
2
(mµ +me)
√
mτmµ)
1
2
h
(1)
3
v√
2
=
1
K
(
1
2
(mτ +mµ)
√
mτme)
1
2
h
(2)
1
v√
2
=
1
K
mµmτ√
2memµ
(68)
This choice gives
θ = 42.07
◦
, σ = 6.22× 10−3, v
2
2
hh
(2)
1 = 4.09GeV
2/K2
Thus ∆m2 > 0, sin2 θ23 = 0.450
∆m2 = ∆m232 = 2.49× 10−3eV 2 : K2MR = 8.2× 1010GeV (69)
V. SUMMARY
To summarize: The Yukawa couplings h
(2)
1 , h
(3)
2 , h
(1)
3 are arranged and expressed in terms of masses me, mµ and
mτ to obtain results of interest for three cases.
Case 1: (νe → ντ ), Case 2: (νe → νµ), Case 3: (νµ → ντ ). For all three casse analysed σ is negligible; as consequence
of this, the neutrino mass matrix can be expressed as a 2× 2 matrix.
For Cases 1 and 2, our analysis gives
∆m2 > 0, sin2 θ13 = 0.0234, ∆m
2
31 ≈ 2.55× 10−3eV 2,
sin2 θ12 = 0.285, ∆m
2
21 ≈ 7.50× 10−5eV 2.
For Case 3:
a) ∆m2 < 0 , sin2 θ23 ≈ 0.471, |∆m2| = ∆m223 ≈ 2.47× 10−3eV 2
b) ∆m2 > 0 , sin2 θ23 ≈ 0.450, ∆m232 ≈ 2.49× 10−3eV 2
to be compared with experimental values from neutrino oscillation experiments (νe → ντ ), (νe → νµ), (νµ → ντ )[3].
Best fit (1σ)
∆m2 > 0, sin2 θ13 ≈ 0.0214,
sin2 θ12 ≈ 0.297, ∆m221 ≈ 7.37× 10−5eV 2
∆m2 < 0, sin2 θ23 ≈ 0.569, (70)
∆m232 = |∆m223| ≈ 2.50× 10−3eV 2
∆m2 > 0, sin2 θ23 ≈ 0.437 .
Except for ∆m2 < 0, sin2 θ23, our values agree with the above values within few percent and are well within 3σ fit.
Final remark: In our analysis we have used normal hierarch m1 < m2 < m3; thus
∆m2 = |∆m232| ≈ 2.50× 10−3eV 2
∆m231 ≈ ∆m232
∆m221
∆m2
≈ 0.030
Experimental value = 0.029
To get ∆m2 within the experimental range, one would require K2MR ≈ 1011GeV.
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